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Abstract 

A matching in a group G is a bijection tp from a subset A to a 
subset B in G such that a<p{a) £ A for all a € A. The group G is said 
to have the matching property if, for any finite subsets A, B in G of 
same cardinality with 1 ^ B, there is a matching from A to B. 

Using tools from additive number theory, Losonczy proved a few 
years ago that the only abelian groups satisfying the matching prop- 
erty are the torsion-free ones and those of prime order. He also proved 
that, in an abelian group, any finite subset A avoiding 1 admits a 
matching from A to A. 

In this paper, we show that both Losonczy's results hold verbatim 
for arbitrary groups, not only abelian ones. Our main tools are clas- 
sical theorems of Kemperman and Olson, also pertaining to additive 
number theory, but specifically developped for possibly nonabelian 
groups. 

1 Introduction 

Let G be a group, written multiplicatively. Given nonempty finite subsets 
A, B in G, a matching from A to B is a map ip : A — > B which is bijective 
and satisfies the condition 

aip(a) ^ A 

for all a e A. 
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This notion was introduced in [2] by Fan and Losonczy, who used match- 
ings in Z n as a tool for studying an old problem of Wakeford concerning 
canonical forms for symmetric tensors [8]. 

Coming back to general groups, it is plain that if there is a matching (p 
from A to B, then \A\ = \B\ and 1 £ B. (For if 1 e B, let a x = tp~ x {l)\ 
then a\(p(a\) — a± G A) It is natural to wonder whether these necessary 
conditions for the existence of a matching from A to B are also sufficient. 
The answer turns out to depend on the group structure. 

Following Losonczy, we say that the group G has the matching property 
if, whenever the subsets A, B satisfy the conditions \A\ = \B\ and 1 ^ B, 
there exists a matching from A to B. Losonczy proved the following result. 

Theorem 1.1 ([5j) Let G be an abelian group. Then G has the matching 
property if and only if G is torsion-free or cyclic of prime order. 

A special case of interest is the one where A = B. Is it sufficient, in this 
case, to assume that A does not contain 1 in order to guarantee the existence 
of a matching from A to Al Losonczy's answer for abelian groups is yes. 

Theorem 1.2 ([5j) Let G be an abelian group. Let A be a nonempty finite 
subset of G. Then there is a matching from A to A if and only if 1 ^ A. 

The proofs in j5] are based on methods and results from additive number 
theory, namely the Dyson transform, and theorems of Cauchy-Davenport and 
Kneser. However powerful, these methods only work for abelian groups. 

In Section [3] of this paper, we extend the above two theorems of Losonczy 
to arbitrary groups. This is achieved by making use of results in additive 
number theory which were specifically developped for possibly nonabelian 
groups. These results are recalled in the next section. The engine behind 
their proofs is the Kemperman transform, a clever nonabelian analogue of 
the Dyson transform. See Olson's paper [7]. See also Nathanson's book [6] 
for general background on additive number theory. 

2 Nonabelian additive theory 

Given subsets A, B of a group G, their product set is defined as 

AB = {ab \ a e A,b e B}. 



2 



We start with a result of Kemperman providing a conditional lower bound 
on the size of AB. 

Theorem 2.1 (Kemperman [4]) Let A,B be finite subsets of a group G. 
Assume there exists an element c G AB appearing exactly once as a product 
c = ab with a G A, b G B . Then 

\AB\ > \A\ + \B\ - 1. 

The following corollary will be used in the next section for our extension 
of Theorem 11.21 

Corollary 2.2 Let U, V be nonempty finite subsets of a group G such that 
U , V and UV are all three contained in a subset X of G \ {1}. Then 

\X\ > \U\ + \V\ + 1. 

Proof. LetA = [/U{l}, J B = ~l/U{l}. Then 1 G AB and appears exactly 
once as a product in AB. Indeed, assume 1 = ab with a G A, b G B. Then 
either a = 1 or b = 1, since 1 ^ UV by hypothesis, and hence a = b = 1. 
Therefore Theorem 12.11 applies, and gives 

\AB\ > \A\ + \B\ - 1. 

Since \A\ = \U\ + 1, \B\ = \V\ + 1 and AB = UV U U U V, we have AB C X 
and hence 

\X\ > \AB\ > \U\ + + 

as desired. ■ 

As for extending Theorem 11.11 to arbitrary groups, we shall need the 
following result of Olson. 

Theorem 2.3 (Olson [7]) Let A, B be nonempty finite subsets of a group 
G. There exists a finite subgroup H of G and a nonempty subset T of AB 
such that 

\AB\ > |T| > \A\ + \B\ - \H\ , 
and either HT = T or TH = T. 
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3 Results and proofs 



We now present our extensions of Losonczy's theorems. Besides the additive 
tools from the preceding section, we shall also need, as in [2J [5] , the marriage 
theorem of Hall. Recall that, given a collection £ = {E%, E2, ■ ■ ■ , E n } of sub- 
sets of a set E, a system of distinct representatives for £ is a set {xi, . . . , x n } 
of pairwise distinct elements of E with the property that X{ G Ei for all 
i = 1, . . . ,n. Hall's theorem gives necessary and sufficient conditions for the 
existence of such systems. 

Theorem 3.1 (Hall [3]) Let E be a set and £ = {E x , E 2 , . . . , E n } a family 
of finite subsets of E. Then £ admits a system of distinct representatives if 
and only if 



ies 

for all nonempty subsets S C {1, . . . , n}. 

We are now ready to generalize Theorem 11.21 

Theorem 3.2 Let G be a group. Let A be a nonempty finite subset of G. 
Then there is a matching from A to A if and only if 1 ^ A. 

Proof. We already know that if A contains 1, there cannot be a matching 
from A to A. Assume now 1 ^ A. For each a G A, set 



Finding a matching from A to A is clearly equivalent to finding a system of 
distinct representatives for the family of sets 



By the Hall marriage theorem, this is also equivalent to the inequalities 



\jEi >\S\ 



E a = {x G A I ax £ A}. 



£ = {E a \ae A}. 




(1) 



for all nonempty subsets S C A. 
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Denote E' s = A\ E s , the complement of E s in A. Hall's conditions ([T]) 
may be rewritten as 



<\a\-\s 



(2) 



for all nonempty subsets S C A. Set 



V s = p| E' s = {x G A I sx G A for all s G S}. 



We have SVs C A by construction. Since 1 ^ A, Corollary 12.21 applies (with 
U, V, X standing for S,Vs,A respectively), and gives 



This shows that conditions (jSJ) are satisfied and finishes the proof of the 
theorem. ■ 

We now turn to the characterization of all groups satisfying the matching 
property. The abelian case was first settled by Losonczy as Theorem 11.11 

Theorem 3.3 Let G be any group. Then G has the matching property if 
and only if G is torsion-free or cyclic of prime order. 

Proof. Assume first that G is neither torsion-free nor cyclic of prime order. 
Then there is an element a G G, of finite order n > 2, which does not generate 
G. Let 



Let (p : A — > B be any bijection. Can it possibly satisfy the condition 
xip(x) ^ A for all x G Al No, it cannot. Picking a G B and Xq = if^ 1 (a) G A, 
we have xo(p(xo) = x$a G A since A is a subgroup. We conclude that G does 
not satisfy the matching property. 

Conversely, assume that G is either torsion-free or cyclic of prime order. 
This means that the only finite subgroups of G are {1}, and G if G is finite. 



\S\ + \V S \ < \A\ - 1. 



A= (a) = {1, a, . . . , a" 1 ' 1 } 
be the subgroup generated by a. Let g G G \ A and set 



B = AU{g}\{l} = {a,..., 



a n -\g}. 
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The trivial group is torsion-free and vacuously satisfies the matching prop- 
erty. Assume now G ^ {1}. Let A, B be nonempty finite subsets of G with 
\A\ = \B\ and 1 (£ B. For each a E A, set 

E a — {x G B | ax A}. 

Again, finding a matching from A to -B is equivalent to finding a system of 
distinct representatives for the family of sets 

£ = {E a | a G A}. 

By the Hall marriage theorem, it suffices to prove the inequalities 



>\s\ 



(3) 



for all nonempty subsets S C A. Denote E' s = B\E S , the complement of E s 
in B. Hall's conditions ([3]) may be rewritten as 



< \A\ 



\S\ 



(4) 



for all nonempty subsets S C A. Set 

\/ 5 = p| E' s = {x G B | sa; G A for all s G S}, 

ses 

and W^s = V S U {1}. We have | W s \ = \V S \ + 1 and SWs C A by construction. 
By Theorem 12.31 there is a finite subgroup H C G and a nonempty subset 
T C 5H/ 5 such that 

\SW 3 \ > \S\ + \W S \ - \H\ (5) 

and HT = T or Ti? = T. We cannot have H = G, for otherwise T = G. 
But as T C SWs C A, this would imply A = G = B, contradicting the 
hypothesis 1 ^ B. It follows that H = {1}, and inequality (J5J) yields 

14 > \S\ + \V S \, 

since S'Ws C A, \Ws\ = |Vs|+l and \H\ = 1. Therefore conditions (jlj), which 
imply the existence of a matching from A to B, are satisfied. It follows that 
G has the matching property. ■ 
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